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Parametrik masalonin boyiik dl¢iilii olmast onun holli Gi¢lin standart olmayan xtsusi
yanasmalar tolob edir. Oksar hallarda belo yanasmalar hall olunacaq masalanin xtsusi
strukturunu nazara almagla islonir. Isda Xotti programlasdirmanin totbiqi shamiyyat dagi-
yan boyuk 6l¢ull parametrik masalasi tadqiq olunur. Masalonin asasinda Leontyevin malum
coxsahali dinamik balans modeli dayanir.

Acar sozlor: Leontyev modeli, xatti proqramlagdirma mosalosi, parametrik masala,
Pareto hall, Pareto sorhadi.

1. Giris

Parametrik xotti proqramlasdirma boyiik ol¢iilii masalo oldugda 6l¢ii-
niin yaratdig1 problemlori onun standart yolla halli zaman1 aradan qaldirmaq
daha da ¢otin olur. Isdo belo mosalolordon birino baxilir. Masolonin bdyiik
oOl¢iilii olmast iki sobabdondir. Birinci sabab dayisonlarinin saymin ¢ox ol-
masidir vo bu doyisonlorin omsallarinin mosslonin matrisindoki mévcud du-
rumunun standart ayrilis sxemlorinin mosalonin hallinds goézlonilon effektin
almmasi iiciin olverisli olmamasidir. Ikinci sobab iso doyisonlorin zamanin
funksiyasi olmasidir. Masoloni diskret hala gotiron zaman yeni alinan mase-
lodoki doyisonlorin say1 avvolki sayla zamanin bolgii noqtolorinin saymin
hasilino barabor olur. Naticads ¢ox boylik dl¢iilii parametrik xotti program-
lasdirma maosoalosini hall etmoali olurug. Bu zaman holl prosesindo qurulmasi
tolob olunan optimal bazis hallarin say1 kaskin artir. Hor bir bels hall iso 6z
ndvbasindo bdyiik Ol¢iilii xotti programlasdirma mosslosinin hallini tolob
edir, yoni ¢cox boyiik ol¢iilii simpleks codvolin Jourda-Qauss yoxetmasi ilo
ardicil olaraq ¢ox sayda ¢evrilmosini tolob edir. Togdim olunan isdo mogsad
bu ciir ¢evirmadon yan kegmoklo masalonin daha effektiv hoall yolunu gos-
tormokdir. Toklif olunan holl sxeminds tolob olunan hesablamalarin osas
hissasini sados iterasiyadan ¢ox da forqlonmoyan iterativ yolla icra edirik. Bu
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yol iso biitiin tolob olunan informasiyanin islomosini paralel alqoritmlo icra
etmays imkan verir. Toklif olunan hall sxeminin odadi misal iizorinds icrasi
niimayis etdirilir. Baxilan misal istifado olunan holl sxeminin standart yolla
hall sxemindon neca forqlondiyi vo onun daha effektiv olmasi hagda miiay-
yon miisbat fikir yaratmaga imkan verir.

2. Masalonin qoyulusu

Asagidaki formada toqdim olunan mosaloys baxiriq:

x' < Alxt 4+ B (xt — x'71) + b1 + 2b7,
xt < d' + Ad%, (1)
T
x'>0, i=1,r0<1<1,0(x)= Zcixi - max.

i=1

Burada [ € R™™- vahid matrisdir; A%, Bt € R™", ¢t dY, d?, b, b% x' € R™,

i=1,r.

Asagidaki sortlorin 6donilmasi tolob olunur:

1) Al + BU>0; 2) (I — Al — BY) ™ > 0; 3) Bi(dY + Ad?) < b + Ab%;

4)bY 4+ Ab? > 0; 5)dY¥ +Ad* > 0;ct>0;i=1,7, 0<A1< 1.

Masalo (1)-o saholorarasi dinamik balans modeli osasinda qurulan
xatti programlagdirmanin parametrik masalasi kimi do baxila biler. Bu halda
A- parametri saholor iizro istehsalin intensivliyino qoyulan mohdudiyyatlo vo
son mohsula tolabatla bagli geyri-miisyyonliyi oks etdirir. Statik halda vo
A = 0 olduqda masals (1) [2]-ds otrafli Gyronilmisdir.

3. Hall sxeminin sorhi

Masala (1)-0 qosma olan masalays baxagq:

y(I—Al—B)+z‘>c yLz!>0,i=1r 2

Zy(b1‘+/1b2‘ Bixi- 1)+Z {(dt + Ad?0) > min

x(A) = (xl(/l) %2(A), .., X" (1)) moasalo (1) 1n optimal halli olsun, yani isto-
nilon A° € [0, 1] {iglin x(AO) moasalo (1)-in A = A, olduqda optimal hallidir.
Forz edok ki, optimal x(A1),A € [0, 1] hallorinin hamisinin koordinat-
lar1 miisbotdir vo onlar bazis doyigonlordir. Basqa sozlo x(1), A € [0, 1] nég-
tolori masals (1)-in miimkiin hallor ¢oxlugu X-in tops noqtoloridir.
(x4, x%, .., x")=x'€X, i=1k ilo bu tops ndqtolorini isars edok.
A; € [0,1] ilo X' —ni optimal edon A € [0,1] qiymatlori ¢coxlugunu isaro
edok.
Onda yaza bilorik:

[0,1] = UX, A;.
Forz edacayik ki,
Ai = [Ai,l“_l), l = 1, k, ().1 = 0,/1]{4_1 = 1 )
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Onda masalo (1)-in hallini (%%, A;),i = 1,k kimi do togdim eds bilarik. Mag-
sodimiz masalo (1)-in x(4),2 € [0,1] hallini (x%,A;), i =1,k kimi gostor-
mokdir. x* >0, i = 1,k oldugundan moasalo (2)-ni ona ekvivalent formada
xotti programlasdirmanin ikinci teoremino osaslanaraq asagidaki kimi yaza
bilorik:
yi(l—Al— BY) +zi =i, yizl >0,

T r

Z y'(b' 4+ 2b% — Bx'"1) + z z'(dY + Ad?") - min
i=1 =

Yeni almmus mosolodon z%,i = 1,7 doyisonlorini konarlasdiraq:
y(l—Al—B)<c yi>0i— T,

Zy(b“ Bix'~ 1+/1b2‘)+26 —y'(1 — A' — BY)(d" + 2d*") - min.

i=1 i=1
Bu mosoloni asagidaki kimi ds yaza bilorik:

y(l—Al—B)<c yi>0i 17, (3)
,
F(y,l)—Zylel+z ld“+/12y‘fl+z ctd? - max,0 <1 < 1.
i= i=1

Burada e'= (I—Al - B! )d“ T pixit — b, ft = (I — A" — B")d?* — b7,
i=1,r.

A° € [0,1] iiglin mosala (3)-iin bazis optimal topa noqtosini Y ilo
isaro edok: Y° = (31,92, ..,5"). Onda A = 1° oldugda mosalo (1)-in asagida-
ki sistemdon optimal tope ndqtasini toyin eds bilarik (ikili teoremo oasasla-
naraq).

x} = (Alx" + B(x' —x) + b1 + AObZi)j, y; >0 olduqda,

xh = (d' + AdZi)n, Vi =0 olduqdai =17, j,n=1n.

Belalikla, masala (1)-in hallini masals (3)-iin hallina gatirmis olurug.
Iki kriteriyali

yi(I—A— BY) < ci, y'=0 i=1r

yl—fl(y)—z'yeamax y2—fz(y)—ZJ'(e+f)—>max @

mosoalosing baxaq Maselsnm miimkiin hallor (;oxlugunu Y ilo isara edok. Onun
Pareto sorhadini iso Y? kimi isaro edok. Y? sorhodi miistovida ¢okiik ciddi aza-
lan funksiyanin grafikini ifads edir. Bu qrafikin sol ucunu L(y},y?), sag ucunu
iso S(y{, y5) kimi isars edok. Onda asagidaki dogrudur.

yZp = maxyey f2(¥), y7 = maxyey f1(¥).
Y? hisso-hisso simiq xottdir. Onun smma ndqtalorini A%, A2, ..., A kimi isaro
edok. A' stnma ndqtosini toyin edon bazis Y* tope ndqtasini gotiirek. Onda

30



A! sinma noqtesine goro Yi-ni optimal edon A-nin [0, 1]-doki biitiin A; qiy-
moatlori ¢oxlugunu asanligla toyin eds bilorik:
Ay ={a + (1 —-Dnitto<a <1}

=i

n

1

Sak. 1.

Burada 7it = (n},n}) von! +n} = 1.

Pareto sorhaddi Y”-nin qurulma sxeminin qrafiki sorhi.

Sadoalik iigiin Y* sorhoddini hamar, ¢okiik azalan funksiyanin qrafiki
soklindo asagidaki kimi gotiirok vo onun iizorindo Y?-nin qurulma sxemini
sorh edok (bax sokil 2).

Ovvalea f,(y) » max,y € Y masalasini hall edib onun optimal y,?

hallinin komoyi ilo A = ( A7) (v p)) ndqtosini qururuq. Anoloji olaraq

fi(y) » max,y € Y mosalosini holl etmoklo B ndqtesini qururuq. Y sor-
haddini qgorar gabul edoni razi salan € doqiqlikle quracagiq. e- doqiqlik iki
monada toklif oluna bilor — miintozom yaxinlasma monasinda va inteqral
monada [1]. Birinci monaya gors sorhimizi davam etdirocoyik.

AYZ \ YP
Y2
A

Sak. 2.
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Addim 1. AB-yas perpendikulyar va Y7 -yo torof yonalon n(¥) = (ngl), ngl)) Vo

ngl),ngl) >0, ngl) + ngl) = 1 vektorunu gotiiriib, onun osasinda

nPAG) + 15 () - max,y €Y

masaloasinin y™ optimal hollinin kémoayi ilo Y* iizerindoki noqtolordon AB-
don on uzaqda yerlosonini toyin edirik. Sok.2-do bu A néqtosidir. d; < &
olarsa, onda AA'B smiq xottini Y? —nin ¢ doqiqliklo aproksimasiyasini
qobul edocoyik vo onu Y kimi isars edacoyik. d; > & olduqda iso AA* va
A'B parcalarmi AB kimi gotiiriib, addim 2-y» kegid aliriq.
Addim 2. AA* —don maksimum uzaqliqda vo Y? —da yerloson A? ndqtesini
vo bu xassayo malik A!B {iciin A3 ndqtalorini qururuq (bax sok. 2). A% —nin
AA' —don, A% —iin A'B —don mosafalorini uygun olaraq d; vo d, kimi
adlandiraq. ©gor d; vo d, qiymetlorindon hor hansi biri € —nu asmazsa,
onda bu hissoni Y —nun bir hissasi kimi qobul edirik. Oks halda addim 1-i
odonilmayan hisso iiciin davam etdiririk. max(d,, d3) < & oldugda Y?
olaraq AA%2A*A3B siniq xottini gqobul edacoyik. Sokildon do goriiniir ki, d;
qiymatlori addimdan addima azalir vo bu azalma siiratla bas verir. ¥ —nun
sinma A' néqtolori diciin A; € [0,1], A; N Aj4; = @ kimi goxluglari tortib
edib, sinma noqtolorini toqdim edon ¥! € Y bazis topo noqtaleri ilo birlikdo
diizolon (7%, A;), i = 1,k giitlor ¢oxlugunu verilmis mosalonin holli kimi
qobul edirik. ¥P —nun smma ndqtaleri no gador az olsa, mosalo bir o qodar
az hesablama tolob edacokdir. Bu say iso € —da asili olaraq doyise bilor.
4. 9dadi misal
Masalo (1) tigiin odadi verilonlori agagidaki kimi gotiirok:

0.1 0.2 0.1 0.2 0.1 01
At=A*=A= (0.3 0.1 0.0), B'=B*=B = (0.1 0.2 0.1)

0.0 02 03 0.1 0.0 0.2

40 10 10 20
d' = (10), d"? = (50) bt = (10) b1 = (30) :
30 30 10 15
10 50 10 5
d*' = (30>,d22 -~ (10) b = (10) ,b?? = ( 5 ) :
40 50 10 10

cl=0@ 1 2), ¢*=3B 2 1.
(1)- (4) sortlorinin 6donildiyi asanliqla yoxlanilir.
Verilonlora uygun mosalo (1)-0 qosma olan mosalo (3)-ii tortib edok. Bu
masolodo asagidaki ifadslori ilkin verilonlors asason hesablayag.
1 0 0 0.1 02 01 02 01 01
I—A—-B= (0 1 0) - (0.3 0.1 0.1) - (0.1 0.2 0.1) =

0 0 1 0.0 02 0.3 0.1 00 0.2
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07 —03 -0.2
= (—0.4 0.7 —0.1)
-0.1 —02 05
el=(I—-A"- BYA"" +B'x° - b = (I —-A~- B)d'' - b'' =

0.7 =03 =0.2\ /40 10 9 9
= (—0.4 0.7 —0.1) (10) - (10) = (—22), x°=0, el= (—22).
-0.1 —-0.2 0.5/\30 10 -1 -1

0.7 -03 -0.2\ /10 20 —34
e?=(-04 07 -01|(50]—(30|+Bx*=| -2 |+ Bx™.
-01 -0.2 05 30 15 -11

x! —in hesablanmasi. X! —i hesablamaq ii¢iin 2 = 0 olmaqla masalo (3)-
don alinan

yl=(U—-A'-BY <ct yt=0,  ylel »max

masolosini hall edirik vo onun optimal bazisini qururugq.

0.7yf — 0.4y3 — 0.1y} < 4,

—0.3y1 +0.7y3 — 0.2y3 <1,

—0.2y{ = 0.1y3 + 0.5y3 < 2,

yi20, y;20, y320,

9yl — 22y} — y1 - max.

yi,yi,ys doyisenlorinds yi,y3 doyisonlori optimal bazis doyisonlordir.
Optimal ¥ hollin y;, y3 kordinatlar1 isa

0.7y{ —0.1y3 = 4,

—0.2y1 + 0.5y3 = 2.

sistemindon yi = ?, yi = ? olaraq aliriq. Xotti programlasmanin ikinci

ikili teoremino asason x* —in koordinatlarini
0.7x] — 0.2x3 = 3 + 10,
—0.2x} +0.5x =2+ 10

sistemindon x; = 25;, x3 =10, x3 = 24 olaraq tapiriq. Onda

—34 02 01 0.1\ /252 —34 8.46 —25.54
e? = ( —2 > + (0.1 0.2 0.1) 107 = ( 2 ) + (6.93) = ( 4.93 )
—11 01 0.0 02 ~11 7.33 —367

24
f1 vo f, —ni hesablayaq:

0.7 —03 -0.2\ /10 10
fl=(U—-A-B)d* —bp?' = (—0.4 0.7 —0.1) (30) - (10) =
-0.1 -02 0.5/\40 10

(2)-()-()
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0.7 -0.3 -0.2\ /50 5
f?=(U—-A-B)d?** —b?? = (—0.4 0.7 —0.1) (10) - ( 5 ) =
-0.1 -02 0.5 /1\50 10

(o) (3)- ()

Beloalikls, adadi verilonlorlo masals (3)-ii asagidaki kimi yaza bilorik:
0.7y —0.4y; —0.1y3 <4, yi =0

—03yl 4+ 0.7y — 02yt <1, yi>0

—0.2y] — 0.1y2 +0.5y: <2, yi1 >0

0.7y? — 0.4y — 01y <3, y£=>0

—03y2+0.7y — 02y <2, y=>0

—0.2y? — 0.1y + 05y <1, y=>0

9yl — 22y} — y} — 25.54y2 4+ 4.93y2 — 3.67y2 +
+A(=20yi + 3y2 + 3y} + 17y% — 23y + 8y2) - max
Indi iso mosala (4)-iin adadi verilonlorls ifadosini yazaq:
Ovvalco el + f ti=1,2 ifadolorini hesablayiriq:

9 —20 -11
-1 3 2

—25.54 17 —8.54
e+ f2= ( 493 >+ (—23) = (—18.73)
—3.67 8 4.33

Onda mosalo (4) asagidaki kimi iki kriteriyali masalo olacaqdir.
0.7yt —0.4y: —0.1y3 <4, yi >0
—03yl 4+ 0.7y - 02yt <1, yi>0
—0.2y] — 0.1y2 +0.5y: <2, yi1 >0 5)
0.7y? — 0.4y — 0.1y <3, y£=>0
—03y2+ 0.7y —02y2 <2, y2>0
—0.2y7 —0.1y? +0.5y2 <1, y2>0
v, = fi(y) = 9yl — 22y3 — y1 — 25.54y2 + 4.93y% — 3.67y% - max,
v, = fo(y) = =11y} — 19y} + 2y} — 8.54y? — 18.73y% + 4.33y% - max.
Y masals (5)-in miimkiin hallari ¢oxlugu olsun. Masalonin qiymatlondirmas-
lor ¢coxlugu

Z={uy)Iy1 = i), y2 = /),y €Y} c R?
miistovido ¢oxbucaqli toyin edocokdir. Bu g¢oxbucaqlinin sorhadinin bir
hissesi (y,v,) € Z,y; = max,y, — max mosalosinin Pareto sorhodi Z” —ni
ifado edocokdir. Bu sarhad hissa-hisso xatti, kosilmoz, ciddi azalan va ¢okiik
funksiyanin grafikini toqgdim edocokdir. Bu grafikin sag ucunu A4, sol ucunu
B kimi isaro edok vo bu noqgtalori quraqg.
maxyez f1(y) = A% =y1, maxyex f2(y) = f(y") =y; olsun.
Onda f,(y°) =3, f1(y") =i oldugunu gobul etsok A = (7, y2),
B = (y1,¥3) uc noqtalorini qurmus olurugq.
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maxy,cz f1(y) mosolosinin optimal y© hollini asagidaki tonliklor sisteminin
hollindon tapiriq:

0.7y{ —0.1y3 = 4,

—0.2y{ + 0.5y3 = 2,

y; =0,
0.7y2 =2
yi =0,
y5 =0,
0_(20020020 0)
y_ 3! I3I !7r .

y% —1n ifadasini f;(y) va f,(y) —do y —in yerinoa yazib A(yy?) noqtosinin
R? —doki yerini toyin edok.

o _920 20+49320 . 4
VI =73 T3 TR =005

0 = 1120+220 18 7320 = 11318
1= 3 3 o= 35’
A= (68 4 113 18)

- 21’ 35)°
maxy ez f>(y) mosalosinin optimal y* hollini
0.5y1 =2,
yi =0,
y; =0,
0.5y2 =1
yi =0,
y3 =0,

sisteminin hoallindon tapiriqg.
y*=1(0,04,0,0,2).

Onda,
yi=f@)=-4-367-2=-1134,
y; = f(y) =2-4+433-2=11.06
B = (—11.34, 11.06).
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y2

A va B noqtolorini qurmagla hoall prosesinin ilk addimini bitmis hesab
edacoyik. Novboti addimda Pareto serhoddi Z” iizorinds olub AB —don mak-
simum uzaqliqda olan A! ndqtosini quracagiq. Qurmani [2]-doki sxemo no-

zaron icra edocoyik. Ovvalca
4

— 18

AB = (—11,34 - 685, 11,06 + 113£) = (=79.5 124.6)

Sonra is9

yEZ, 124,6 - y; + 79,5y, = max

mosolosinin optimal y°P hollindon istifado edorok Al ndqtesi alaraq

(fl ("), f2 (y0p)> noqtosini gotiirtiriik.

124,6 - y; + 79,5y, = 124,6(9yi — 22y} — y} — 25.54y2) +

+4.93y2 — 3.67y2 + 79,5(—11y} — 19y} + 2y} — 8.54y2 —

—18.73y2 + 4.33y2) = 247y} — 4252y} + 34,4y} —

—3861y? — 874y% — 113y2.

Beloaliklos,

y€Z 247yl —4252y} + 34,4y} — 3861y% — 874y% — 113y2 - max

mosalosinin optimal  y° = (?,0,%, 0,0, 0) hollini (fl(yOp),fz (yOP)) —do
yerino yazib A = (53 é, —60) noqtosini qururug.
Indi iso AB —ni A'B ilo ovoz edib AB iigiin olan omoliyyat1 A'B
ti¢lin icra edirik.
AAT = (531 68— 60+11318) = (-15 531)
U3 21’ 35/ )
Pareto sorhadinin névbeoti sinma ndqtosini tapmagq {li¢iin
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53.5y; + 15y, - max, (yy2) EZ
mosalasinin optimal hallini hesablasaq alariq:
yOpz(@ 0E 000)
3’737
¥ —nin bu ifadasini (f,(y*), f,(y"")) —da yerina yazib yeni
A? = (41.5,-51.3) aliriq. Sonraki hesablamalarin yeni sinma noqtasi
verilmodiyindon Z” —nin BAZA'A siniq xottindon toskil olundugunu aliriq.
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OB OJTHOM BOJIbINOM 3A/IAYE
IAPAMETPHYECKOI'O ITPOITPAMMMUPOBAHMS U EE PEIIEHUE

P.I'TAMUJ0B, H.K.AJINTAXBEP/IUEBA
PE3IOME

Bommpoii pazmMepHOCTh MapaMeTpUdIecKoil 3amadu TpeOyeT HecTaHIapTHEBIE, CIie-
UaNbHBIE MOAXOMABI Uil e€ perieHus. YacTo, Takoi MOAXo7 pa3pabaThiBaeTCs C y4eTOM
CHeaIbHON CTPYKTYpHI penraeMoi 3anaun. B paGore mccnenyercst 6ospiuas mapamMeTpu-
Yyeckas 3ajada JIMHEHHOro MpOorpaMMHpOBAHUS, KOTOpas MMeEEeT IMpakTH4YecKas 3aJadu-
MocTh. Ha ocHOBe 3a1aun JIEKCHT M3BECTHAs JUHAMHYECKAasi MOJICNIb MEKOTPACIEBOroO Oa-
naHca JIeoHTheBa.

KaroueBbie ciaoBa: mMozenb JIeoHTheBa, 3a/1a4a JTHHEHHOTO MMPOTPAMMHPOBAHUS,
mapameTpuueckas 3amadqa, [lapato pemenue, [lapaTo rpaHnIs!.

ON SOLUTION OF ONE LARGE-SCALE PARAMETRIC PROGRAMMING
R.H.HAMIDOV, N.K.ALLAHVERDIYEVA
SUMMARY
The large parametric programming problems requires non-standart special
approaches to its solution. In most cases such an approach is implemented taking into
account the specific structure of the problem to be solved. One large-scale linear
parametric problem of the practical application is considered. The issue is based on

Leontiyev’s well known inter- sectoral dynamic balance model.

Keywords: Leontiyev’s model, linear programming problem, parametric problem,
Pareto solution, Pareto boundary
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