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VAHID KVADRATDA KOSIi-RIMAN TONLIYi UCUN
SORHOD MOSOLOSININ HOLLININ ARASDIRILMASI

Agar sozlar: Kogi-Riman tanliyi, fundamental hall, asas miinasibat, zoruri
sortlor, sinqulyarhqlar, requlyarizasiya, fredholmlug
Isda birinci kvadrantda yerloson vahid kvadratda Kosi-Riman tonliyi iiciin geyri-
lokal sorhod sorti daxilindo masaloya baxilmisdir. Kosi-Riman tonliyinin fundamental
hollinin komoyi ilo osas miinasibot qurularag, zoruri sortlor alinir. Sorhod boyu
integrallardan ibarot olan zoruri sortlor 6ziindo sinqulyarhiglar saxlayir. Bu
sinqulyarliglar 6ziino moxsus tsulla requlyarlagdirilaraq, verilmis sarhoad sortlori ilo
birlikda goyulmus masalonin fredholmlugu tigilin kafi sartlor toyin edir.

P.M.3eiinanos, H.A.Anuiies

UCCJIEJJOBAHUE PEIIEHUSI KPAEBOM 3AIAYM JIJISI YPABHEHUSA
KOIIN-PUMAHA HA E/IUHNYHOM KBA/IPATE

Knrwuesvie cnosa: ypasuenue Koww-Pumana, gynoamenmanvhoe peuienue,
OCHOBHblE COOMHOUIEHUE, HeO0OX00UMble YCI08US, CUMHZYISIPHOCHb, PecyNapu3ayusl,
¢peozonrvmosocmo

B nanHOi paboTe paccMaTpuBanach TpaHHYHAS 3a7a4a C HEJIOKAIbHBIMU
IPaHUYHBIM YCJIOBMM B EIUHUYHOM KBajpate Jyisi ypaBHeHus Korru-Pumana,
PacrooKeHHOTo B TepBoM KBaapante. C MOMOIIBIO (PYHAAMEHTAIBHOTO pEIICHHUS
ypaBHenuss Komm-PuMaHa yCTAHOBIEHO OCHOBHOE COOTHONIEHHE W TIOMYYEHBI
HeoOxouMble yerioBrs. HeoOXomiuMBble YCIIOBHS, COCTOSIIHE U3 UHTEIPAIOB 0 TPAHMUIIE,
COZlepyKaT CHHTYJISIPHOCTH. OTH CHHIYJSIPHOCTH, TIOCIIE PETYIIAPU3AINM, BMECTE C
3a/IaHHBIMH KPAeBBIMH YCITOBHSIMH OTIPE/IEIISIOT JOCTATOYHBIE YCIIOBUS (DPEATOIBEMOBOCTH
JTAHHOM 3aJa4H.
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R.M.Zeynalov, N.A.Aliev

STUDYING THE SOLUTION OF A BOUNDARY VALUE PROBLEM FOR
THE CAUCHY-RIEMANN EQUATION IN A UNIT SQUARE

Keywords: Cauchy-Riemann equation, fundamental solution, fundamental
relation, necessary conditions, singularities, regularization, fredholmness

In this work, the problem was considered within the non-local boundary
condition in the unit square for the Cauchy-Riemann equation located in the first
quadrant. With the help of the fundamental solution of the Cauchy-Riemann equation,
the basic relation is established and the necessary conditions are obtained. Necessary
conditions consisting of integrals along the boundary contain singularities. These
singularities, being regularized in their own way, determine sufficient conditions for
the fredholm of the given problem together with the given boundary conditions.

Giris

Molumdur ki, riyazi fizika tonliklori vo xiisusi téromali tonliklor
nozariyyasinda asasan ii¢ tip tonliklor ti¢iin masalalarin halli ilo mosgul olurlar.
Hiperbolik, parabolik vo elliptik tip tonliklor. Hiperbolik vo parabolik tip
tonliklor ti¢iin Kosi vo qarisiq masalalare, elliptik tip tonliklor {igiin iss sarhad
masalalorine baxilmisdir [2-4]. Bels ki, baxilan masalalords baslangic sartlorin
say1 verilmis tonlikdo olan zamana goro téromonin tortibi ilo toyin olundugu
halda, sorhad sortlorinin say1 tonliys daxil olan foza doyisonine noazaran
(bunlarm say1 birdon ¢ox olduqda) yiiksok tortib téromonin tortibinin yarisina
borabor gotiiriiliir [1; 5]. Ikinci tortib Laplas tonliyi ii¢iin bir sort Dirixle,
Neyman va ya Puankare sorti, dordiincii tortib olan biharmonik tonlik {igiin iki
sorhad sorti verilmis olur [6; 7]. Burada baxilan Kosi-Riman tonliyi birinci
tortib elliptik tip tonlik oldugundan, onun {igin hansi sokildo sorhod sorti
verilmalidir ki, masalo korrekt olsun. Gostarilmisdir ki, gabariq oblastda sarhad
iki yera boliinmaklo verilmis geyri-lokal sarhod sorti Kosi-Riman tonliyi {iglin
kifayotdir.Ogoar sarhad dord yers boliinmiisdiirss, onda Kosi-Riman tonliyi {igiin
iki sarhad sorti vermok lazim golacokdir [8].

Masalonin qoyulusu

Asagidaki masalays baxaq:
) 4 D g x = (x1,x,) € D C R?, (1)

axz 6x1

A (Ou(t,0) + ay, (Hu(0,t) + aps(Hu(l —t, 1) +
+a ., (DHu(l,1 —t) = @, (t), k=12;t € [0,1], 2
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buradai =vV—1, D = {x = (x1,x,): x; € (0,1),x, € (0,1) }, a(t), k=
1,2; j = 1,4; verilmis kosilmaz funksiyalar, (2) sarhod sortlori isa Xotti asili
deyil. Burada Karleman sorti 6danilir [9]. Malumdur ki, Kosi-Riman tonliyinin
fundamental halli [10]:

Ux—§ = — :

2n xp—&x+i(x1—&1)

©)

funksiyasidir.
Jsas miinasibat

Verilmis (1) tonliyini (3) fundamental hallino vurub, D oblasti boyunca
integrallayaq:

0 0
“)U<—ad f

u(x) _
o, U(x —¢&)dx = 0.

D
Ostrogradski-Qauss formuluni tatbiq ets;;k, alariq:

U (x — E) N
dx, dx

ju(x)U(x—E)cosdx—ju( )——

r D
| | =9 _
+ljr u(x)U(x — &) cos(v, x,)dx — l! u(x) ———= o, =0,
Vo ya

f u(x) U(x — &)[cos(v,x,) + icos(v,x;)]dx =

e )IGU(x—f) OU(axx— E)l d =

u(§), ¢€D,

= [, u(x)§ (x — §dx = {%u(f). fer, (4)

burada v - ilo D oblast1 olan vahid kvadratin sarhaddins ¢okilmis xarici normal,
d(x) ilo Dirakin delta funksiyasi isara edilmisdir. Aldigimiz (4) asas miinasibati
iki hissadan ibaratdir. Birinci hisso (¢ € D olan hisso) verilmis (1) tonliyinin D
do toyin olunmus ixtiyari hallini, ikinci hisss isa (§ € I' olan hissa) zoruri
sortlori verir.

Bu sortlori ayiraq:
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Zaruri sartlar

i (Tu(xy, 0) i (ru(0,x;)
Su(,0) = f dr; — 5= | =2 dx
El El 1 27_[ 0 xz _ lfl 2
1 Y u(xg,1 (! 1,
L1 # e _wdx)
21 0 1+ l(xl El) 0o X2 + L(l - 5;1)
1 i (Tu(xy,0) i (tu(0,xy)
Eu(o, 62) i 52 Lxl dx1 - E o xz _ 52 de +
1 ! u(xl, 1) i fl u(l1,x,)
1—§2+Lx1 2m ), -&+
1 u(xy,0) i (' u(0,xy)
EU(gl' f 1-— l(xl El) dX1 B Z 0o X2 — 1- lfl
i (Tu(xg, 1 (! u(l,x
b ( 1 )d +L ( : 2) dx,,
21 - & 0 x2—1+11(1—5‘1)
1 u(xy, O) i u(0,x,)
Zu(l = | =77 | e
Zu(’€2) ano & —i(y—1) T on oxz—fz—idxz-l-
1 (! u(xq, 1 C(fu(y,
+—f (1) X +Lj G2 o,
2w )y 1 =& +i(x — 1) 0 —$2
vaya

i 1u(rO) 1u(0'r) 1 u(l-t,1) 1 u(1,1-1)
u(t,O) f dr fO dr + fO 1+i(1-7— t)d T+, fO 1-7+i(1— t)d

1 u(t,0) _ 1u(01) 1 u(l-1,1) 1u(1,1- r)
u(O t) 0 t-it dr nfO dr + fO 1-t+i(1— 1.') Tty f 1-7— t+L o
) 1 u(t,0) i 1 u(07) 1u(1 rl) 1u(1,1-1) (5)
u(l—tl)——f dr — - T+ - f dt ——f dr,

0 1-i(t—1+t) Y0 7-1-i(1— t) T—it

_ 1 u(t,0) _ i1 un 1u(1 7,1) 1u(1,1-1)
u(ll t)_ fOltl(r 1)dT n01—1+t1 T+ f t—it dr — nfO T—t dr,

Zoruri sortlor tiglin alinan (5) miinasibatindon goriiniir ki,onlara sinqulyar hodlor
daxildir.

Zoaruri sartlorin requlyarizasiyasi

Aldigimiz (5) zaruri sortlorindon asagidaki xstti kombinasiyani quraq:
a1 (Du(t, 0) — a2 (Du(0,8) + apzs(Du(l — t,1) — e (Ou(l,1 - t) =
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i fl a1 (Ou(r, 0) + ai, (Ou(0,7) + ags(Hu(l —1,1) + aga(HHu(l,1 — 7)dt 4
0

T T—t

.
+~=1L = (@i (® = @0 @) + @ (@]u, 0) +

T T—t
+ (a2 (1) — ar2 (D) + A (D ]u(0,7) +
+ [(ar3 (@) — ay3(0) + as(Du@ —7,1) +
H(@ea® — @ @) + @ @11 - 1) + )

1
d
#oo = 2 [ [0 (Du(,0) + @ @u0,1) + @ @ul -1 1) +
0 [ guDd
+ak4(r)u(1,1—r)+...=if¢k O . k=12
T T—t

0
burada (...) ilo sinqulyar olmayan hadlarin comi isaro edilmis vo (2) soarhad
sortindon istifado edilmisdir. Alinan ifadonin sag torofinds yazilmis birinci
toplanan sinqulyar inteqraldir. Orada mochul funksiya istirak etmoaliyindon, bu
inteqral Kosinin bas monasinda mévcuddur. ©gor

() € CD[0,1], ¢(0) = (1) =0, k=12, (7

sorti Odonilorsa (6) ifadasinin sag torofindo yazilan inteqral adi monada da
movcud olacaqdir.
Beloliklo aldigimiz (6) ifadalori (onlar iki donadir) requlyardirlar.

Teorem 1. ©gar ay;(t) vo @i (t) funksiyalan k =1,2; j = 1,4t €
[0,1] oldugda kasilmaz funksiyalar olub, (2) sorhad sortlori xatti asili deyilss vo
(7) sorti 6donilirss, onda (6) ifadslori requlyardirlar.

Masalonin fredholmlugu

Indi iso verilmis (2) sorhad sortlorine vo (6) requlyar ifadslorino bir
sistem kimi baxaq:

a1 (Ou(t, 0) + i (Du(0,8) + gz (Ou(l =, 1) + aes (Du(1,1 = 1) = @ (0),

akl(t)u(tt 0) — A2 (t)u(O, t) + ak3(t)u(1 —t, 1) - ak4(t)u(111 - t) = (8)
_ %f; (pkr(f)tdr_l_ k=12
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Aldigimiz (8) soklinds olan iki miinasibatlori toraf-tarafo toplayib, sonra
iso ¢ixmagqla asagidaki iki sistemi almis olurugq:

1

=§0k(t)+i @i (7)

2 2m) T—1t
0

|( a1 (Du(t, 0) + s (Du(l —t, 1) dr + -,

! €))
{akz(t)u(o, £) + as (Du(l,1 - t) = "”‘T(t) _ zl—nf‘i"f(?dr k=12
0
Bu sistemdon isa:
|1 () g3 ()
Aa(8) = az1(t) az3(t) #0 (10)
|12 (®) a14(6)
97 g o] T an
sartlori daxilinds (9) sistemindan
u(t,0),u(0,t),u(l1—t¢t1), vo u(1,1—1t) (12)

funksiyalar1 liglin normal sokilli niivalari requlyar (niivelorinds sinqulyarliglar
olmayan) ikinci nov Fredholm tipli inteqral tanliklor sistemi almis olurugq.
Teorem 2. Teorem 1-in sortlori daxilindo ogor (10), (11) sortlori
odonilirss, onda Kosi-Riman tonliyi ticiin baxilan (1)-(2) serhod masalosi
Fredholm tiplidir.
Yoni (1)-(2) mosalosi ikinci név Fredholm tipli niivesinds sinqulyarliq
olmayan integral tanliklor sistemina gatirilir.
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